BOOK FIVE

DEFINITIONS

1. A magnitude is a parf of a magnitude, the less of the greater, when it
measures the greater.

2. The greater is a multiple of the less when it is measured by the less.

3. A ratio is a sort of relation in respect of size between two magnitudes of
the same kind.

4. Magnitudes are said to have a ratio to one another which are capable,
when multiplied, of exceeding one another.

5. Magnitudes are said to be in the same ratio, the first to the second and the
third to the fourth, when, if any equimultiples whatever be taken of the first
and third, and any equimultiples whatever of the second and fourth, the for-
mer equimultiples alike exceed, are alike equal to, or alike fall short of, the lat-
ter equimultiples respectively taken in corresponding order.

6. Let magnitudes which have the same ratio be called proportional,

7. When, of the equimultiples, the multiple of the first magnitude exceeds
the multiple of the second, but the multiple of the third does not exceed the
multiple of the fourth, then the first is said to have a greater ratio to the second
than the third has to the fourth.,

8. A proportion in three terms is the least possible.

9. When three magnitudes are proportional, the first is said to have to the
third the duplicate ratio of that which it has to the second.

10. When four magnitudes are <continuously > proportional, the first is
said to have to the fourth the triplicate ratio of that which it has to the second,
and so on continually, whatever be the proportion.

11. The term corresponding magnitudes is used of antecedents in relation to
antecedents, and of consequents in relation to consequents.

12. Alternate ratio means taking the antecedent in relation to the antecedent,
and the consequent in relation to the consequent.

13. Inverse ratio means taking the consequent as antecedent in relation to
the antecedent as consequent,.

14. Composition of a ratio means taking the antecedent together with the
Consequent as one in relation to the consequent by itself.

15. Separation of a ratio means taking the excess by which the antecedent
exceeds the consequent in relation to the consequent by itself.

16. Conversion, of a ratio means taking the antecedent in relation to the ex-

¢ess by which the antecedent exceeds the consequent. ‘
17. A ratio ex aequolr arises when, there being several magnitudes and an-
Other set, equal to them in multitude which taken two and two are in the same
Proportion, as the first is to the last among the first magnitudes, so is the first
%o the Iast among the second magnitudes;
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Or, in other words, it means taking the extreme terms by virtue of the re-
moval of the intermediate terms.

18. A perturbed proportion arises when, there being three magnitudes and
another set equal to them in multitude, as antecedent is to consequent among
the first magnitudes, so is antecedent to consequent among the second magni-
tudes, while, as the consequent is to a third among the first magnitudes, so is a,
third to the antecedent among the second magnitudes.

BOOK V. PROPOSITIONS

ProrosiTiON 1

If there be any number of magnitudes whatever which are, respectively, equimul-
tiples of any magnitudes equal tn mullitude, then, whatever multiple one of the
magnitudes s of one, that multiple also will all be of all.

Let any number of magnitudes whatever 4 B, CD be respectively equimulti-
ples of any magnitudes Z, F equal in multitude;

I say that, whatever mult1ple AR is of E, that multlp]e will AB, CD also be
of E, F.

A G B c H D

For, since A B is the same multiple of E that CD is of F¥, as many magnitudes
as there are in AB equal to £, so many also are there in CD equal to F.

Let AB be divided into the magnitudes AG, GB equal to E,

and CD into CH, HD equal to F,

then the multitude of the magnitudes AF, B will be equal to the multitude of
the magmtudes CH, HD.

Now, since AG is equal to B, and CH to I,

. therefore AG is equal to B, and AG,CH to E, F.
For the same reason
GB is equal to B, and GB, HD to E, F;

therefore, as many magnitudes as there are in AB equal to E, so many also are
there in AB, CD equal to E, F;
therefore, Wha’rever multlp]e AB is of K, that multiple will AB, CD also be of
E L.

Therefore etc. Q. E. D.

ProrosiTION 2

If a first magnitude be the same multiple of a second that a third is of a fourth, and
a fifth also be the same multiple of the second that a sixth is of the fourth, the sum of
the first and fifth will also be the same multiple of the second thal the sum of the

third and stxth is of the fourth. B G
Tet a first magnitude, A B, be the same A — e
multiple of a second, €, that a third, D&, ¢
is of a fourth, F, and let a fifth, BG, also ! : E H
be the same mult1p1e of the second, C,
that a sixth, £H, is of the fourth #; F

I say that the sum of the first and fifth, A G, will be the same multiple of the
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second, C, that the sum of the third and sixth, DI, is of the fourth, F.

For, since A B is the same multiple of C that DE is of F, therefore, as many
magnitudes as there are in A5 equal to C, so many also are there in DE equal
to F.

Tor the same reason also,
as many as there are in BG equal to €, so many are there also in FH equal to F;
therefore, as many as there are in the whole AG equal to C, so many also are
there in the whole DI equal to F. _

Therefore, whatever multiple AG is of C, that multiple also is DH of F.

Therefore the sum of the first and fifth, AG, is the same multiple of the sec-
ond, C, that the sum of the third and sixth, DH, is of the fourth, F.

Therefore etce. Q. E. D.

ProrosiTiON 3

If a first magnitude be the same mulleple of a second that a third is of a fourth, and
if equimulteples be taken of the first and third, then also ex aequall the magnitudes
taken will be equimultiples respectively, the one of the second, and the other of the
fourth. § o

I Let a first magnitude A be the same multiple of a second B that a third C is
of a fourth D, and let equimultiples EF, GI be taken of 4, C;

I say that EF is the same multiple of B that GH ig of D.

Tor, since EF 1s the same multiple of A that GH is of C, therefore, as many
magnitudes as there are in £F equal to 4, so many also are there in GH equal
to C.

Let EF be divided into the magnitudes KK, KF equal to 4, and GH into the
magnitudes GL, LH equal to C; : '
then the multitude of the magnitudes EK, KF will be equal to the multitude
of the magnitudes GL, LH.

A K ' And, since 4 is the same multiple

B———— of B that C is of D,

. K F while EK isequalto A, and GL to C,
' therefore EK ig the same multiple

o of B that GL is of D. '

D— For the same reason -

G L H KF is the same multiple of B that

' LH is of D, :

Since, then, a first magnitude EK is the same multiple of & second B that a
third GL is of a fourth D,

and a fifth KF is also the same multiple of the second B that a sixth LH is of
the fourth D,
therefore the sum of the first and fifth, EF, is also the same multiple of the

second B that the sum of the third and sixth, GH, is of the fourth D. [v. 2]
Therefore ete. | | Q. E. D.

Prorosition 4

If a ﬁTSi. magnitude have to a second the same ratio as a third to a fourth, any
CQuimulliples whatever of the first and third will also have the seme ratio to any

gggimultiples whatever of the second and fourth respectively, taken in corresponding
er, ‘
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For let a first magnitude A have to a second B the same ratio as a third C to
a fourth 1; and let equimultiples E, F be taken of 4, €, and G, H other, chance,
equimultiples of B, D;
I say that, as Fis to @, so is F to H.
For let equimultiples K, L
be taken of E, F, and other,
.chance, equimultiples M, N B——

A

of G, H. E
Since F is the same multi- g
ple of A that F is of C, K

and equimultiples K, L of E,
F have been taken,
therefore K is the same mul- C——
tiple of A that L is of C. D—
[v. 3]
For the same reason
M is the same multiple of H————ro

B that N iS Of D. L S
And, since, as A is to B, "
so1s C' to D,

and of A, C equimultiples K, L have been taken,
and of B, D other, chance, equimultiples M, N,
therefore, if K is in excess of M, L also is in excess of N,

if it is equal, equal, and if less, less. [v. Def. 5]
And K, L are equimultiples of E, F,

and M, N other, chance, equimultiples of G, H;
therefore, as K is to G, so is F to H. [v. Def. 5]

Therefore ete. Q. E. b.

ProrosiTiON 5

If a magnitude be the same multiple of a magnitude that a part subtracted s of a
part subtracted, the remainder will also be the same multiple of the remainder that
the whole ts of the whole.

For let the magnitude 4B be the same multiple of the magnitude CD that
the part AF subtracted is of the part CF subtracted;

I say that the remainder EB is also the same multiple of the remainder
FD that the whole AB is of the whole CD.

A, . & B
¢ _¢ Ff D

Yor, whatever multiple AE is of CF, let EB be made that multiple of CG.
Then, since AF is the same multiple of CF that EB is of GC,
therefore A F is the same multiple of CF that AB is of GF. fv. 1]
But, by the assumption, AE is the same multiple of CF that AB is of CD.
Therefore AB is the same multiple of each of the magnitudes GF, CD;
therefore GF is equal to CD.
Let CF be subtracted from each;
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therefore the remainder GC is equal to the remainder FD.

And, since A¥ is the same multiple of CF that EB is of GC,
and GC is equal to DF, , :

therefore A is the same multiple of CF that EB is of FD.

But, by hypothesis, :
AE is the same multiple of CF that AB is of CD;

therefore EB is the same multiple of FD that AB is of CD. *

That is, the remainder EB will be the same multiple of the remainder FD
that the whole AB is of the whole CD.

Therefore ete. Q. E. D.

ProrosiTioN 6

If two magnitudes be equimultiples of two magnitudes, and any magnitudes sub-
tracted from them be equimultiples of the same, the remainders also are either equal
to the same or equimultiples of them.
For let two magnitudes AB, CD be equimultiples of two magnitudes E, F,
and let AG, CH subtracted from them be equimul-
G B  tiples of the same two E, F;

A I say that the remainders also, GB, HD, are
£ either equal to E, ¥ or equimultiples of them.
K D - For, first, let GB be equal to E;

Fe I say that HD is also equal to F.

For let CK be made equal to 7.
Since AG is the same multiple of E that CH is of F,
while GB is equal to E and KC to F,
therefore AB is the same multiple of E that KH is of F. v. 2]
But, by hypothesis, AB is the same multiple of E that CD is of F ;
therefore KH is the same multiple of F that CD is of F.
Since then each of the magnitudes KH, CD is the same multiple of F,
therefore KH is equal to CD.
Let CH be subtracted from each ;
therefore the remainder KC is equal to the remainder HD.
But F is equal to KC;
therefore HD is also equal to 7.
Hence, if B is equal to E, HD is also equal to F,

Similarly we can prove that, even if GB be a multiple of E, HD is also the
same multiple of F.

Therefore ete. ‘ Q. B. D,

ProrosiTion 7

Equal. magnitudes have to the same the same ratio, as also has the same to equal
magnitudes.
Let A, B be equal magnitudes and ¢ any other, chance, magnitude;
I say that each of the magnitudes A, B has the same ratio to €, and C has
he same ratio t6 each of the magnitudes 4, B. .
. F}Jpr let equimultiples D, E of A, B be taken, and of C another, chance, multi-
e k. :
Then, since D) is the same multiple of 4 that E is of B, while 4 is equal to B,
therefore D is equal to E.
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But # is another, chance, magnitude.
If therefore D is in excess of I, I is also in excess of F, if equal to it, equal;
and, if less, less.

And D, E are equimultiples of 4, B, A o
while F is another, chance, multiple of ('; B—— Ee
therefore, as 4 is to €, so is B to C. Cs < E-

[v. Def. 5]
I say next that C also has the same ratio to each of the magnitudes 4, B.
For, with the same construction, we can prove similarly that D is equal to H;
and F is some other magnitude. ‘

If therefore F is in excess of D, it is also in excess of E, if equal, equal; and, if
less, less.

And Fis a multiple of C, while D, E are other, chance, equimultiples of 4, B;

therefore as Cis to 4, so is C to B. [v. Def 5]

Therefore ete.

Porism. From this it is manifest that, if any ma,gmtudes are proportional,
they will also be proportional inversely. ‘ Q. E. D.

ProrosiTioN 8

Of unequal magnitudes, the greater has to the same a greater ratio than the less has,
and the same has to the less a greater ratio than it has to the greater.
Let AB, € be unequal magnitudes, and let AB be greater; let D be another,
chance, magmtude
I say that AB has to D a greater ratio
than € has to D, and D has to C a greater
ratio than it has to AB.
For, since A B is greater than C, let BE
be made equal to C;
then the less of the magmtudes AE, EB, if -
multiplied, will scmetime be greater than
D. [v. Def. 4]
First, let AE be less than EB;
let AE be multiplied, and let N
F@ be a multiple of it which is greater than D;
then, whatever multiple FG is of AE, let GH be made the same multiple of EB
and K of C;
and let L be taken double of D, M triple of it, and successive multiples in-
creasing by one, until what is taken is a multiple of D and the first that is
greater than K. Let it be taken, and let it be N which is quadruple of D and the
first multiple of it that is greater than K.
Then, since K is less than N first,
therefore K is not less than .
And, since F'( is the same multiple of AE that GH is of EB,
therefore F(7 is the same multiple of AE that FH 1sof AB.  [v. 1]
But FG is the same multiple of AE that K is of C;
therefore #H is the same multiple of AB that K is of C;
therefore FH, K are equimultiples of AB, C.
Again, since GH is the same multiple of £B that K is of (|
and EB is equal to C,

E B

=ZErr 0 X MO >
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therefore GH is equal to K.
But K is not less than M ;
therefore neither is GH less than M.
And FG is greater than D;
therefore the whole FH is greater than D, M together.

But D, M together are equal to N, inasmuch as M is triple of D, and M, D
together are quadruple of D, while N is also quadruple of D; Whence M, D to-
gether are equal to N.

But FH is greater than M, D

therefore FH is in excess of N,
while K is not in excess of N.

And FH, K are equimultiples of 4B, C, while N is another, chance, multiple

of D;
therefore 4B has to D a greater ratio than C has to D. [v. Def. 7]

I say next, that D also has to C' a greater ratio than D has to 4B.

For, with the same construction, we can prove similarly that N is in excess
of K, while N is not in excess of FH.

And N is a multiple of D,

while FH, K are other ehanoe, equ1mult1ples of AB C;
therefore D has to C a greater ratio than D has to AB [v. Def. 7]
Again, let AE be greater than EB.
Then the less, EB, if multiplied, will sometime be greater than D. [v. Def. 4]
Let it be multiplied, and let GH be a

A £ B multiple of EB and greater than D;
° : : and, whatever multiple GH is of EB, let
F ' G ' H .F@& be made the same multiple of AE, and

' ' — 1 Kof C.
Koy Then we can prove similarly that FH,
D : K are equimultiples of 4B, C;
L , ; | and, similarly, let N be taken a multiple
M ‘ _ _ of D but the first that is greater than FG,
N ’ ' ' .go that F@ is again not less than M.

- But GH is greater than D;

therefore the whole FH is in excess of D, M, that is, of N.
Now K is not in excess of N, inasmuch as FG also, which is greater than GH,
that is, than K, is not in excess of N.

And in the same manner, by following the above argument, we complete the
demonstration.

Therefore ete. ‘ Q. E.D.

ProrosiTion 9

Magnitudes which have the same ratio to the same are equal to one another; and
magnitudes to which the same has the same ratio are equal.
For let each of the magnitudes 4, B have the same ratio to C;

I say that A is equal to B.

For, otherwise, each of the magnitudes 4,

c B would not have had the same ratio to C;
but it has; - [v. 8]

therefore A is equal to B

A B
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