BOOK THIRTEEN

PROPOSITIONS
ProrosiTion 1

If a str aight line be cut in extreme and mean ratio, the square on the greater seg-
ment added to the half of the whole 1s ﬁve times the square on the half.
For let the straight line AB be cut in extreme and mean ratio at the point C,
- and let AC be the greater segment; :
let the straight line AD be produced in a straight line with C4,
and let AD be made half of AB;
L F I say that the square on CD is ﬁve trmes the
' square on AD.
- For let the squares AE, DF be desorlbed on
2o : AB, DC,
pl—Mi L2 A and let the figure in DF be drawn;
. let F'C be carried through to @.-
Now, since AB has been cut in extreme and
c B  mean ratlo at C,
D A | _ therefore the rectangle AB, BC is equal to the
P square on AC. _ [VI. Def. 3, vI. 17]
And CFE is the rectangle AB, BC, and FH
the square on AC;
- therefore CE is equal to FH.
- And, since B4 is double of 4D,
K G E while BA is equal to KA, and AD to 4H,
therefore KA is also double of AH.
But, as K4 is to AH, so is CK to CH; : fvi. 1]
therefore CK is double of CH. '
But LH, HC are also double of CH.
Therefore KC is equal to LH, HC.
But CE was also proved equal to HF;
therefore the whole square AE is equal to the gnomon MN O
And, since BA is double of AD,
' the square on BA is quadruple of the square on AD,
that is, AE is quadruple of DH.
But 4E is equal to the gnomon M NO;
therefore the gnomon MNO is slso quadruple of AP;
therefore the whole DF ig five times AP.
And DF is the square on DC, and AP the square on DA ;
therefore the square on CD is ﬁve times the square on DA.
herefore ete. : Q. E. D.

369




370 EUCLID

ProroSITION 2

If the square on a straight line be five times the square on a segment of it then,
when the double of the said segment is eul in extreme and mean ratio, the greater
segment 18 the remaining part of the original straight line.
For let the square on the straight line AB be five times the square on the
segment AC of i, '
and let CD be double of AC;

I say that, when D is cut in extreme and mean & 3
ratio, the greater segment is UB.
Let the squares AF, CG be described on A B,
CD respectively, o “-\N\ ‘
let the figure in AF be drawn, M/ X
and let BE be drawn through. H’/’
Now, since the square on BA is five times the C
square on AC, B D
AF is five times AH. A C
Therefore the gnomon MNO is quadruple of
AH.
And, since DC is double of CA,
therefore the square on DC is quadruple of the
square on CA, that is, CG is quadruple of AH.

But the gnomon MNO was also proved quad- K E 3 |
ruple of AH; ‘
therefore the gnomon MNO is equal to CG.
And, since DC is double of CA4,
' while DC is equal to CK, and AC to CH,
therefore KB is also double of BH. [v1. 1]
But LH, HB are also double of HB;
therefore KB is equal to LH, HB.
But the whole gnomon M NO was also proved equal to the whole CG;
therefore the remainder HF is equal to BG.
And B@ is the rectangle CD, DB, '
for CD is equal to DG,
and HF is the square on CB;
therefore the rectangle CD, DB is equal to the square on CB.
Therefore, as DC is to UB, so is CB to BD.
But DC ig greater than CB;
therefore CB is also greater than BD. |

Therefore, when the straight line CD is eut in extreme and mean ratio, CB
is the greater segment.

Therefore ete. Q. E. D.

LEMMA

That the double of AC is greater than BC is to be proved thus.
If not, let BC be, if possible, double of CA.
Therefore the square on BC is quadruple of the square on CA;
therefore the squares on BC, CA are five times the square on CA.
But, by hypothesis, the square on BA is also five times the square on CA;
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therefore the square on B4 is equal to the squares on B(C, CA:
which is impossible. - [11. 4]
Therefore CB is not double of AC,
Similarly we can prove that neither is a straight line less than ¢B double of
CA;
for the absurdity is much greater.
Therefore the double of AC is greater than CB. Q. E. D.

- Prorosition 3

If a strawght line be cut in extreme and mean ratio, the square on the lesser segment
added lo the half of the greater segment is five times the square on the half of the
greater segment.
For let any straight line A B be cut in extreme and mean ratio at the point C,
let AC be the greater segment,
A D C B and let AC be bisected at D;
I'say that the square on BD is five times the
square on DC.,
For let the square AE be deseribed on AB,

R Gl o ) M and let the figure be drawn double.
S Since AC is double of DC, :
0] - therefore the square on AC is quadruple of
H N the square on DC,
K F that is, 8 is quadruple of FG.

And, since the rectangle AB, BC is equal
to the square on AC,
L 5 E and CF is the rectangle AB, BC
therefore CE is equal to RS.

5

But RS is quadruple of F@;
therefore CK is also quadruple of FG.
Again, since AD is equal to DC,
Lo HK is also equal to KF.
Hence the square GF is also equal to the square HL. -
Therefore GK is equal to KL, that is MN to NE ;o
' hence M F is also equal to FE.
But MF is equal to CG;
therefore C@ is also equal to FE.
Let CN be added to each; _
therefore the gnomon OPQ is equal to CE. :
But CE was proved quadruple of GF ; “
therefore the gnomon OPQ is also quadruple of the square FG.
Therefore the gnomon OPQ and the square F(@ are five times FG.
But the gnomon OPQ and the square F@ are the square DN,
And DN is the square on DB, and GF the square on DC.
Therefore the square on DB is five times the square on DC. Q. E. D.

ProrposiTion 4

Ifa straight line be cut in cxtreme and mean ratio, the square on the whole and the

$quare on the lesser segment together are triple of the square on the greater segment.
Let AB be a straight line,
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let it be cut in extreme and mean ratio at C, and let AC be thegreater segment;
I say that the squares on AB, BC are trlple of the

square on CA. A ¢ B
For let the square ADEB be deserlbed on AB 2
and let the figure be drawn. i Np
Since, then, A B has been cut in extreme and mean H ﬁ ';M K
ratio at C, : | ‘ = Nl

and AC ig the greater segment
therefore the rectangle AB, BO is eéqual to the square

on AC. - v Def. 8, viL 17) ' .
And AK is the rectangle AB BC, and HG the square b G £
on AC | .

. therefore AK is equal to HG.
And since AF is equal to FE,
let C’K be added to each; .
therefore the whole 4K is equal to the whole CE;
therefore AK, CE are double of AK.
"But AK, CE are the gnomon LM N and the square CK ;. ‘
therefore the gnomon LM N and the square CK are double of AK.
But, further, AK was also proved equal to HG; '
therefore the gnomon LMN and the squares CK, v G are triple of the square
HG.
And the gnomon LM N and the squares CK, H@ are the whole Square AE
and CK, which are the squares on AB, BC,
while H@ is =the square on AC.
Therefore the squares on 4B, BC are triple of the square on AC.
: Q. E. D.

PROPOSITION 5

If a straight line be cut in extreme and mean ratio, and there be added to ita stnght
line equal to the grealer segment, the whole sirazght lzne has been cut in exlreme and
mean ratio, and the original straight line is the gréater segment. -

For let the straight line A B be cut in extreme and mean ratlo at the pomt C,
let AC be the greater segment, and let AD :

be equal to A4C. : =

I say that the straight line DB has been cut
in extreme and mean ratio at 4, and the ori-
ginal straight line A DB is the greater segment.. =

For let the square A¥ be descrlbed on AB, :
and let the figure be drawn. - L 1 : ~—1K

Since 4B hag been cut in extreme and PR '
mean ratio at C, ' a
therefore the reotangle AB BC is equal to
the square on AC. [VI Def. 3, vI. 17]

And CE is the rectangle 4B, BC, and CH the square on AC,

: therefore CE iz equal to HC. -
But HE' is equal to CH, :
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and DH is equal to HC
therefore DH is also equal to ITE.
Therefore the whole DK is equal to the whole AE,
And DK 1is ‘the rectangle BD, DA,
for AD is equal to DL
and AE is the square on AB;
therefore the rectangle BD, DA is equal to the square on 4B.

Therefore, as DB is to BA, sois BA to AD. [vr. 17]
And DB is greater than BA
therefore BA is also greater than AD ‘ [v. 14]
Therefore DB has been cut In extreme and mean ratlo at A, and AB is the
greater segment | : Q. E. D.

PROPOSITIO‘\I 6

If a rational straight line be cut in extreme and mean mtzo, each of the segments 18
the srrational straight line called apotome.
Let AB be a ratlona,l strazght line,
: let it be cut in extreme and mean ratio at C,
D A ¢ 8 and let AC be the greater segment;
- 1 say that each of the straight lines AC, CB
is the irrational straight line called apotome.
" For let BA be produced and let AD be made half of BA.
Since, then, the straight line A B has been cut in extreme and mean ratio,
and to the greater segment AC is added AD which is half of AB,
therefore the square on CD is five times the square on DA. [xmr, 1]
Therefore the Square on CD has to the square on DA the ratio which a num-
ber has to a number; :
therefore the square on CD is commensurable with the square on DA. [X. 6]
But the square on DA is rational,
for DA 1s rational; bemg half of AB Whlch is ratlonal
therefore the square on CD is also ratlonal (x. Def. 4]
therefore CD 1s also rational.
And, since the square on CD has not to the square on DA the ratio which a
square number has to a square number,

therefore CD is incommensurable in length with DA ; [X. 9]
therefore CD, DA are rational straight lines commensurable in square only;
" therefore AC 1s an apotome. - [x. 73]

Again, since AB has been cut in extreme and mean ratio,
and AC is the greater segment, :
therefore the rectangle A B, BC is equal to the square on AC. [vI. Def. 3, v1. 17]
Therefore the square on the apotome AC, if applied to the rational stralght
line 4B, produces BC as breadth.
But the square on an apotome, if apphed to a rational stralcrht line, produces
as breadth a first apotome; : [x. 97]
therefore CB is a first apotome. :
And CA was also proved to be an apotome :
Therefore ete. g } Q. E. D.
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ProrosITION 7

If three angles of an equilateral pendagon, taken either in order or not in order; be
equal, the pentagon will be equiangular.
For in the equilateral pentagon A BCDE let, first, three angles taken in or-
der, those at A, B, C, be equal to one another; A
I say that the pentagon ABCDE is equlanvuiar
Forlet AC, BE, FD be joined.
Now, since the t\xo sides CB, BA are equal to the
two sides BA, AE 1'espective1y,
and the angle CBA is equal to the angle BAE,
therefore the base AC is equal to the base BE,
the triangle ABC is equal to the triangle ABE,
and the remaining angles will be equal to the remaining
angles, namely those which the equal sides subtend, [1. 4] b
that is, the angle BCA tothe angle B A, and the angle ABE to the angle CAB;
hence the side AF is also equal to the side BF. [1..6)
But the whole AC was also proved equal to the whole BE;
therefore the remainder FC is also equal to the remainder FE.
But CD is also equal to DE.
Therefore the two sides F'C, CD are equal to the two sides FE, ED;
and the base FD is common to them;
therefore the angle FCD is equal to the angle FED. {1. 8]
But the angle BCA was also proved equal to the angle AEB; '
therefore the whole angle BCD is also equal to the whole angle AED. .
But, by hypothesis, the angle BCD is equal to the angles at A, B;
therefore the angle AED is also equal to the angles at 4, B.
Similarly we can prove that the angle CDE is also equal to the angles at A4,
B, C;

B ' E

therefore the pentagon ABCDE is equlantrular
Next, let the given equal angles not be angles taken in order, but let the
angles at the points 4, C, D be equal;
I say that in this case too the pentagon ABCDE is equiangular.
-~ For let BD be joined.
Then, since the two sides BA, AE are equal to the two sides BC, CD,
and they contain equal angles,
therefore the base BE is equal to the base BD,
the triangle A BE is equal to the triangle BCD,
and the remaining angles will be equal to the remaining angles,
namely those which the equal sides subtend; [1. 4]
therefore the angle AEB is equal to the angle CDB.
But the angle BED is also equal to the angle BDEK,
since the side BE is also equal to the side BD. [1. 5]
Therefore the whole angle AED is equal to the whole angle CDE.
But the angle CDE is, by hypothbus equal to the angles at 4, C;
therefore the angle AED is also equal to the angles at A C

For the same reason
the angle ABC is also equal to the angles at 4, C, D. ,
Therefore the pentagon A BCDE is equiangular. Q. E. D.
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Prorosrrion 8

If in an equilateral and equiangular pentagon straight lines subtend two angles
taken tn order, they cut one another in extreme and mean ratio, and their greater
segments are-equal to the side of the pentagon.,

For in the equilateral and equiangular pentagon ABCDE let the straight
lines AC, BE, cutting one another at the point H,
subtend two angles taken in order, the angles at
A, B;

| I say that cach of them has been cut in extreme
3B and mean ratio at the point A, and their greater seg-
ments are equal to the side of the pentagon.
For let the circle ABCDE be circumseribed about
the pentagon A BCDE. [1v. 14]
. Then, since the two straight lines KA, AB are
D~—___ —C equal to the two AB, BC,
- and they contain equal angles,
therefore the base BE is equal to the base AC,
the triangle ABE is equal to the triangle A BC,
and the remaining angles will be equal to the remaining angles respectively,

A

namely those which the equal sides subtend. : : (1. 4]
Therefore the angle BAC is equal to the angle- A BE;
therefore the angle AHE is double of the angle BAH. f1. 32]

But the angle EAC is also double of the angle BAC,
inasmuch as the circumference EDC is also double of the circumference CB;
| . fi11. 28, vI. 33]
therefore the angle HAE is equal to the angle AHE;
hence the straight line HE is also equal to EA, that is, to AB.  [1. 6]
And, since the straight line BA is equal to AE,
the angle ABF is also equal to the angle AEB. - [1. 5]
But the angle ABE was proved equal to the angle BAH; '
therefore the angle BEA is also equal to the angle BAH.
And the angle ABE is common to the two triangles ABE and ABH;
therefore the remaining angle BA K is equal to the remaining angle AHB; (1. 32]
therefore the triangle A BE is equiangular with the triangle ABH;
therefore, proportionally, as £B is to B4, sois AB to BH. [vL. 4]
But BA is equal to EH; :
therefore, as BE is to EH, so is EH to HB.
And BE is greater than EH;
therefore FH is also greater than HB. [v. 14]
Therefore BE has been cut in extreme and mean ratio at J , and the greater
Segment HE is equal to the side of the pentagon.
Slmllarly we can prove that AC has also been cut in extreme and mean ratio
atH, and its greater segment CH is equal totheside of the pentagon.  q. E. D.

ProrosiTion 9

If the side of the hexagon and that of the decagon inscribed in the same circle be ad-
ed together, the whole straight line has been cut in extreme and mean ratio, and its
dreater segment is the side of the hexagon.
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